Generating the mapping class group by torsion 
elements of small order. 



Naoyuki Monden 



Abstract 

We show that the mapping class group of a closed oriented surface of 
genus at least three is generated by 3 elements of order 3 and by 4 elements 
of order 4. Note that the mapping class group cannot be generated by 
finitely many torsion elements of same order if genus is equal to one or 
two. 



1 Introduction 

Let Tig denote a closed, oriented surface of genus g, and let Ai g denote its 
mapping class group, which is the group of homotopy classes of orientation- 
preserving homeomorphisms. 

The study of generators of Ai g was pioneered by Dehn. Dehn [De] proved 
that Aig is generated by a finite set of Dehn twists. Lickorish [Li] showed that 
2>g — 1 Dehn twists generate Aig. This number was improved to 2g + 1 by 
Humphries [Hu] . Humphries proved, moreover, that in fact the number 2g + 1 
is minimal; i.e. Ai g cannot be generated by 2g (or less) Dehn twists. 

It is classical problem to find small generating sets and torsion generating 
sets for Aig. Maclachlan [Ma] proved that the moduli space is simply connected 
as a topological space by showing that Ai g is generated by torsion elements. 
McCarthy and Papadopoulos [MP] proved that Ai g is generated by infinitely 
many conjugates of a single involution for g > 3. Luo [Luo] discovered a first 
finite set of involutions which generate Ai g for g > 3. Luo posed the question 
of whether there is a universal upper bound, independent of g, for the number 
of torsion elements needs to generate Ai g . Brendle and Farb answered Luo's 
question. Brendle and Farb [BF] proved that Ai g is generated by 3 elements 
of order 2g + 2, Ag + 2 and 2 (or g). More, Korkmaz [Ko] showed that Ai g 
is generated by 2 torsion elements, each of order 4g + 2. Brendle and Farb 
[BF] also constructed a generating set of Ai g for g > 3 consisting of 6 involu- 
tions. Kassabov [Ka] improved their method to show that Ai g is generated by 
4 involutions if g > 7, 5 involutions if g > 5 and 6 involutions if g > 3. 

For all g > 1, the elements of order 2, 3 and 4 are in Ai g . In the present 
paper, we construct a generating set of Ai g consisting of elements of small 
order (> 2). 

Main Theorem. For g > 3, Ai g can be generated by 3 elements of order 3 
and by 4 elements of order 4- 
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2 Preliminaries 



Let c be a simple closed curve on S g . Then the (right hand) Dehn twist T c 
about c is the homotopy class of the homeomorphism obtained by cutting S g 
along c, twisting one of the side by 360° to the right and gluing two sides of c 
back to each other. Figure [T] shows the Dehn twist about the curve c. We will 




Figure 1: The Dehn twist 

denote by T c the Dehn twist about the curve c. 
We recall the following lemmas and theorems. 

Lemma 1. For any homeomorphism h of the surface T, g , the Dehn twists 
around the curves c and h(c) are conjugate in the mapping class group M g , 

Th(c) — hT c h , 

Lemma 2. Let c and d be two simple closed curves on S g . If c is disjoint from 
d, then 

T c T d = T d T c 

Lemma 3. If the geometric intersection number of c and d is one, then 

T- rri rr~i rj~i rri rri 

cJ-d-Lc — Id-Lc-Ld 

Theorem 4 (Lickorish). We denote the curves on, f3i, 7.; as shown in Figure® 
Then M g is generated byT ai ,--- , T ag , , ■ ■ ■ , Tp g , T 7l , • • • , T 7g _ 1 . 



tti ct2 c*3 &<fi <y<j 




Figure 2: Lickorish's generators 

We call T ai , • • • , T ag , Tp 1 , • • • , Tp g , T 7l , • • • , T lg l Lickorish's generators. 
Theorem 5 (Humphries). A4 g is generated by T ai , T a2 , Tp 1 , • • • , TV , T 7l , • • • , T* 
We call T ai , T a2 , Tp 1 , • ■ • , Tp , T 7l , • ■ • , T 1 7 ._ 1 Humphries's generators. 

3 Generating the mapping class group by 3 ele- 
ments of order 3 

In this section we prove that the mapping class group M. g is generated by 3 
elements of order 3. We assume that g > 3. 
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3.1 Construction of elements of order 3 



We construct two elements of order 3 by cutting and gluing surfaces. We take 
the curves ari, x 2 and the separating curve S like Figure [31 




Figure 3: the curves X\, x%, 8 

3.1.1 Odd genus 

We assume that g is odd. We construct an element / of order 3. 

We cut Eg along the curves 71, 72, a 3 and a 2k , 72fc, a 2 k+i (k = 2,..., 
to obtain surfaces Si, S%,. . . , S „-i as shown in Figured] Si is a sphere 

with 3 ( g ^~ 1 ) boundary components and Sk (k = 2, . . . , is a pair of pants 
bounded by a 2 k, Ilk, "2fe+i- 



di a 3 a 4 a 5 ae Qij-i Q fl 




Figure 4: Cutting the surface 

We embed Si, 52,..., 5 s -i in M 3 so that they are invariant under 

2 

rotations /1, f 2 ,. ■ . , fa-i , respectively (cf. Figure [5]). 

Since the homeomorphisms /1, / 2 ,. . . , f g-i coincide on the boundaries, they 
naturally define a homeomorphism / : E ff — * E 9 of order 3. / acts on the curves 
on E g as follows: 

/ 2 (7i) = /(72)=a 3 , /(#»)= ft, 

/ 2 (a2) = /O2) = xi, 

P{a 2k ) = f{ l2k ) = a 2k+ i, /CSafc) = ftk+i (fc = 2,...,^). 
We construct an element ft. of order 3. 

We cut E s along the curves a 2 j-i, 72.3-1 , oe 2 j (j = 1, . . . , and 5 to obtain 

^rr 3 - surfaces 5(, S' 2 ,. . . , S' g+1 , 5' 8+3 as shown in Figure El 5( is a sphere with 

2 2 
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Figure 5: ^-symmetry of E g 



Ql Q 2 Q3 CK4 




Otg-r 5 Og 




ft ft ft ft 



ft« ft-l tf ; 



Figure 6: Cutting the surface, II 
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2 boundary components, Sj (j = 1, . . . , ^p) is a pair of pants bounded by 
&2j-i, 72j-i> Q ; 2j and S'g+3 is a torus bounded by <5. 

We embed S^, S 2 ,. . . , S^+i in R 3 so that they are invariant under 

rotations hi, h 2 ,. . . , hg+i, respectively (cf. Figure [7]). We define that hg+3 — 

{T«T ag f. Note that h\ = Tf 1 , /i|+3 = T 4 and ha+s (a g ) = (3 g . 

2 2 



hj+it ^rotation /i^j:— (X^Ta^) 2 




Figure 7: Z3 -symmetry of E ff , II 

Since the homeomorphisms hi, h 2 ,. ■ ■ , hg±i, hg+3 coincide on the bound- 

2 2 

aries, they naturally define a homcomorphism h : E g — > E 3 of order 3. /i acts 
on the curves on E s as follows: 

h(a g ) = P g , 

h 2 (a 2j -i) = h(j2j-i) = a 2 j, Hfcj-x) = fej (3 = 1,...,^). 
3.1.2 Even genus 

We assume that g is even. By the similar arguments of the case of odd genus 
we construct / and h which are order 3. 

We cut E g along the curves 71, 72, a 3 , S and a 2 fc, 72fc, a 2 k+i (k = 2, ■ • • , ^) 

to obtain § surfaces Si, S 2 ,. . . , S g-2 , Sa as shown in Figure [H Si is a sphere 

^ 2 2 

with 3g 2 l ~ 2 boundary components, Sk (k = 2, ■ ■ ■ , ^y 2 -) is a pair of pants bounded 
by Q!2fc, 72fe, c*2fc+i and S| is a torus bounded by 5. 

We embed Si, S'2,..., S9-2 in M 3 so that they are invariant under =£■- 

2 J 

rotations /1, j 2 ,. . . , f a -2 , respectively (cf. Figure [5]). We define that /s = 
(7> 9 T Q3 ) 2 . 
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as a 3 a 4 a 5 aga Og.x 5 Ctg 




Figure 8: Cutting the surface, HE 



fk'-^f rotation fi :=(Tpfl'a, l f 




Figure 9: Z 3 -symmetry of E g , HI 
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Since the homcomorphisms f±, f 2 .. . . , fg-2 , fa. coincide on the boundaries, 

2 2 

they naturally define a homeomorphism / : E 9 — * S g of order 3. / acts on the 
curves on S ff as follows: 

/ 2 (7l)=/(72)=«3, = 

/ 2 ("2) = /(x 2 ) = xi, f(a g )=/3 g , 

f 2 (a 2k ) = f( l2k ) = a 2k +i, f{fak)=fck + i (fe = 2,-..,flf?). 

We cut Eg along the curves a^j-i, 72j— 1> a 2j (j = 1> • • ■ > f ) to obtain £±2 
surfaces S[, S' 2 ,. . . , S ' g+2 as shown in Figure [TU1 S"i is a sphere with -# 

2 

boundary components and Sj +1 (j = 1, • • • , |) is a pair of pants bounded by 

<X2j-l,72j-l,<X2j- 



Oi a-2 a 3 a 4 a^i a s 




Figure 10: Cutting the surface, IV 

We embed S[, S 2 ,- ■ ■ , S' g+2 in R 3 so that they are invariant under 
rotations hi, h 2 ,. ■ ■ , h 9+2 , respectively (cf. Figure [TT|) . 



^rotation 




Figure 11: Z3-symmetry of E 9 , IV 
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Since the homcomorphisms /ii,/i2,. . . , hg+2 coincide on the boundaries, they 

2 

naturally define a homeomorphism h : S g — * S g of order 3. h acts on the curves 
on E g as follows: 

h 2 (a 2j -i) = fr(72j-i) = ct2j, h{f3 2j -i) = /3 2j {j = 1, • • • , f ). 

3.2 Generating the Dehn twist by 3 elemensts of order 3 

We generate the Dehn twist by 3 elements of order 3. The basic idea is to use 
the lantern relation which was discovered by Dehn and rediscovered by Johnson 
[Jo]. 




Figure 12: The Lantern Relation 
The lantern relation is read as follows : 

T, rri rri rri rj~i rri rri 

Ql 71 72 Q3 — Ot2 X\ -L X2 ' 

where the curves a±, a.%, 03, 71, 72, x\ and x 2 are shown in Figure [3] and 
Figure [T2l Since 011,71,72 and 03 are disjoint each other and 012,2:1 and X2 , by 
Lemma [2] we can rewrite the relation as 

T ai = (T a2 T" 1 ) (T Xl T~ 3 X )(T X2 T~ 1 ) . (1) 

We can find that f 2 (a 2 ) = x\, / 2 (7i) = 03, f{a 2 ) = x 2 and /(71) = 72 from 
the argument of Section 3.1. By using Lemma [T] we see that 

(r^r- 1 ) = fir^T- 1 )/- 2 

(T X2 T- 1 ) = f(T a2 T- 1 )f-\ 
Since h maps 71 to 02, we see that 



and 



T^T- 1 = hT^h^T- 1 = hiT^h^T- 1 " 



Let h denote T 7l h 1 T L 1 . We can now rewrite ([TJ) as 



L 7l" •'■71 

f2 j,E j-2\/ tuT. t-l\ 



T ai = (hh)(f z hhf-')(fhhf- L ). (2) 
and hence T ai is a product of 3 elements of order 3. 
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3.3 Proof that 3 elements of order 3 generate 

We prove Theorem. 

Theorem 6. If g > 3, A4 g is generated by f, h and h. 

Proof. Let Gi denote the group generated by /, h and h. By the relation 
T ai is in G\. 

Let a and (3 be simple closed curves on E ff . The symbol a — > j3 (resp. 

a — > f3) means that f(a) — f3 (resp. h(a) — fl). 

The Figure [T3] shows that we can send ct\ to all cti and 7^ by / and h. 
Therefore, T Qi ,T 7i e Gi for all i. 

g is odd(even) 



CXi a 2 CI3 04 a 5 ... Ofg-2 Qg-i 




Figure 13: 

Since h (resp. /) maps a g to /3 g in the case of odd (resp. even) genus, 
T/3 g G G\. As shown on Figure HH we can hnd that (3 g can be send to (5i for all 
i by / and /i. These shows that Tp i £ Gi for all i. 

j is odd(even) 

&^-> /? 3 ^ ■•• -^/W^A, 

Figure 14: 

Since we show that all Lickorish's generators are in Gi, Gi is equal to A4 g . 

□ 

4 Generating the mapping class group by 4 ele- 
ments by order 4 

In this section we prove that Ai g can be generated by 4 elements of order 4. 
The key point is to use chain relation. 

4.1 Construction of elements of order 4 

We prepare to construct 3 elements of order 4. 

We recall chain relation. We say that an ordered set of c\ , . . . , c„ of simple 
closed curves on E s forms an n-chain if the geometric intersection (cfe, Ck+i) = 1 
for k = 1, ... ,71 — 1 and (c^, cj) = if \k — l\ > 2. If n is odd, the boundary of 
a regular neighborhood of any n-chain has two componets d\ and c?2 . 

The chain relation is read as follow : 
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For a. given TZ-chsdn ci, . . . , c n , if n is odd we have 

(rp rp rp \n-\-l rp rp 

We denote the simple closed curves a[, . . . ,a' g , s and the separating curves 
Si, ... , Sg-i as shown on Figure [T5l 




Oil Of2 «3 



Ctgi a g 



Figure 15: The simple closed curves a\, . . . , a' g , s and the separating curves 

Si, ■ ■ ., Sg-X 

We note that a% — a' x and a g = a' g . 

For i = 1, 2, ... ,g — 2 we define 

Pi = (Ta z+2 Tp z+2 T lz+1 Tp z+1 T li Tp i T a > i ) 2 . 

We can find that the boundary components of a regular neighborhood of 7-chain 
a i+2 , ft+2, lt+i, ft+i, It-, ft, a'i are S i+2 and Si-i like FigureHH We note that 




Figure 16: 

<5o and <5 g is trivial. By chain relation, we have 

Pi = {Ta l+ -2Tp z+2 T lt+1 Tp i+1 T lt TpT a ^) s = Tg i+2 Tg i _ 1 . 
For each i we see that p^ acts on the curves on S ff as follow: 

p 3 i(ai +2 ) = Pi(7»+i) = Pi(7i) = "i, P?(ft+2) = Pi(ft+i) = ft- 
In paticular we note that pi(a2) = X\. 

We define 

P' = ( r 72^/33 r a3^5^7i r /3l T a' 1 ) 2 - 

We see that the boundary component of a regular neighborhood of 7-chain 72, 
ft: c*3j s, 72, ft, a'i in Figure [T71 is 53. By chain relation we have (p') 4 = ^*s* 
p' acts on the curves on E g as follow: 

(P') 3 (72) = (pTM = P'(7i) - «i, (P') 3 (^ 2 ) = (p')> 2 ) = p'(x 2 ) = a 2 . 
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Figure 17: 



In paticular we note that p'(«2) = £2- 



We define 



We can find that the boundary components of a regular neighborhood of 7- 
chain a' i+2 , /3 i+2 , 7^+1, ji, fa, on are 5 i+2 and <5*_i like Figure HH By 

chain relation we have ^ 4 =(r Q ' +2 T ( 3 i+2 T 7i+1 T ( 3 i+1 T 7i r ( g i r Q , i ) 8 =T5 i+2 T5 i _ 1 . 




Figure 18: 

For each i we see that Ti acts on the curves on S g as follow: 

^ 3 K +2 ) = 7- 2 (7m) = r( 7i ) = r 2 (/3 l+2 ) = r(A+i) - fa 



For j = 1, 2, . . . , g we define 

<T,- 



T aj T 0j T a , 



We can find that the boundary components of a regular neighborhood of 3-chain 
ctj, pj, a'j like Figure [TO1 is Sj and Sj-i. By Lemma [3] and chain relation we 
have r/ = T S] T S] _ l . 



CCj 



Figure 19: 

For each j we see that o-j(ctj)=T aj Tp j T a t (ctj)=[3j. 
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4.1.1 The genus is 3m 

We assume that g — 3m. We construct an element cj> of order 4. We define 

= \Pg-2Pg-5 ■ ■ ■ P^PiPi 1 (m(= f ) is odd) 
\p s -2/V±5 • • • P^PiPi 1 (m is even). 

We can find that ^ = T^Ts^Tg^)* 1 ■ ■ ■ (Tj 9 Tj 6 ) _ 1 (Tg e T$ 3 ) T 5 ~ 1 = 1. 
acts on the curves on E 9 as follow: 

a 2 = 4>{xi), 

0Vi) = ^ 2 (7i) - 0(72) - as, 2 (ft) = <Kft) = ft 

a 4 = 0(74) = ^» 2 (75) = 3 K), ft = <Xft) = </> 2 (ft) 

3 ("g-2) = ( / )2 (7 3 -2) = 4>{lg-i) = a g , ^ 2 (ft-2) = 4>(Pg-i) = ft (mis odd), 
{a' g -2 = 4>{lg-2) = <P 2 {lg-i) = 4> 3 {a g ), Pg-2 = 4>{P g -i) = </> 2 (ft) {mis even)). 
We construct an element ijj of order 4. We define 



P g -2Pg-5 ■ ■ -P 7 Pap' 1 (m(= f ) is odd) 
Pg-2Pg-5 • ■ • Pj 1 P4P'~ 1 (mis even). 



We can find that ip 4 = 1. Since p' (012) = x 2 and ^'(72) =0:3, we can easily 
find that i/ ; ~ 1 ( a 2) = %2 and i/> _1 (72) = «3- 

We construct an element u of order 4. We define 

w = (^'^s-iVVs-s ' ' ' ^"Vacrf 1 (m(= f ) is odd) 
VsVVs- 5 V-s • ' ' ^"Sof 1 (m is even). 

We can find that w 4 = 1. 

w acts on the curves on S g as follow: 

ai = w(ft), 

u 3 (a 2 ) = w 2 (7 2 ) = w(7 3 ) = a' 4 , ^ 2 (ft) = w(ft) = ft, 

as = ^(75) = w 2 (7 6 ) = w 3 (a' 7 ), ft = w(ft) = w 2 (ft), 

w 3 (a s _ 4 ) = w 2 (7 9 -4) = w(7 g _ 3 ) = ttg_ 2l ^ 2 (ft-4) = w(ft_ 3 ) = ft_2 (m is odd), 
(a 9 _ 4 = w(7 3 _ 4 ) = w 2 (7 s _ 3 ) = w 3 (ag_ 2 ), ft_ 4 = w(ft_ 3 ) = w 2 (ft_ 2 ) (m is even)). 

4.1.2 The genus is 3m + 1 

We assume that g = 3m + 1. 
We define 

= f a gPg-3Pg-6 ■ ■ ■ Wi" 1 ( m (= nr) is odd ) 

\vg 1 Pg-3Pg- 6 ■ ■ ■ P^PiPi 1 (m is even). 

4> acts on the curves on E s as follow: 
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a 2 = (f>{xi), 

0Vi) = 2 ( 7 i) = 0(72) = a 3) 2 (A) = 0(A) = A, 

a' A = ^(74) = 2 (7s) = a 6) A = 0(A) = We) 

3 ( a 9-3) = 4> 2 {lg-s) = Hlg-2) =OL g -u 2 (A-3) = HPg-2) = Pg-1 (m is odd), 

K-3 = 0(73-3) = 2 (7 9 -2) = 3 (a s -i), /3g_ 3 = <P{Pg-2) = 2 (A-i) (™ «s even)). 
We define 



P g -2Pg-5 ■■■Pr W 1 M= V") is odd ) 
^p g -2P~l 5 ■ ■ ■ Pj 1 P4P , ~ 1 (m is even). 



We note that tp 1 {ct 2 ) = x 2 and V H72) = «3- 
We define 

w = f vV fl -5 • • • rsTg-Vscrf 1 (m(= afi) is odd) 
\t s _ 2 t~_! 5 • • • r 8 r 5 " 1 r 2 crf 1 (m is even). 

(j acts on the curves on S g as follow: 

ai = u>(/3i), 

uj 3 (a 2 ) = w 2 (7 2 ) = 1^(73) = a' 4 , ^ 2 (A) = w(A) = /3 4 , 

"5 = w(75) = ^ 2 (7e) = w 3 (a' 7 ), A = w(A) = ^ 2 (A), 

w 3 (a s _ 2 ) = w 2 (7g_ 2 ) = w(7 s _i) = a g , w 2 (/3 s _ 2 ) = w(/3 g _i) = /3 g (mis odd), 
(a 9 _ 2 = w(7 3 _ 2 ) = w 2 (7 9 _i) = a fl , w 2 (/3 9 _ 2 ) = w(A-i) = /3 g (m is even)). 

4.1.3 The genus is 3m + 2 

We assume that g = 3m + 2 (m > 2). 
We define 

= f a g la 9-iPg-4Pg-7'--P7 V4pr 1 ( m (= £ 3 1 ) is odd) 

^ acts on the curves on E g as follow: 

a 2 = <j>(xi), 

0Vi) = 4> 2 {li) = 0(72) = as, 2 (A) = 0(A) = A, 

^ = 0(74) = 2 (7s) = 3 K), A = 0(A) = 2 (A), 

3 ( a 9- 4 ) = 2 (7 3 -4) = 0(7s-3) = atg-2, 2 (A-4) = 0(A-s) = A-2 {m is odd), 
(a' g _ 4 = 0(79-4) = 2 (7s-3) = 3 (a 9 - 2 ), A-4 = 0(A-3) = 2 (A-2) (™ is even)). 
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Wc define 

^ = \Pg-2Pg-5 ■ ■ ■ P9 1 Pe^5 1(J iP'^ 1 M= 2 ir) is odd ) 
\pg-2P~l 5 ■ ■ ■ p g 1 p 6 o-^ 1 a 4 p'- 1 (to is even). 

We note that ip acts on the curves on £ g as follow: 



a 2 = ip{x 2 ), 72 = ^("3)1 

= Tp 2 hg-z) = i>(7g-l) = a g, ^{Pg-2) = MPg-i) = Pg (m is odd), 

( a 'g-2^M"fg-2)^^ 2 ("fg-i)^^ 3 {a g ), /3 g _ 2 = tp{P g -i) = V^g) {mis even)). 

We define 

w = fvgTg-sTg-e • ■ • t*t^t 2 o^ (m(= *f2) is odd) 
\ a g lT 9-3 T g-6 ' ' ' 7 "8T 5 " 1 T2<t]" 1 (m is even). 

w acts on the curves on £ g as follow: 

ai = u>{/3i), 

uj 3 (a 2 ) = Lo 2 (- f2 ) = cj( 73 ) = a' 4 , u 2 (/3 2 ) = lo(/3 3 ) = f3 4 , 

a> 5 = w( 75 ) = ^ 2 ( 76 ) = co 3 (a' r ), ft = = w 2 (/? 7 ), 

^ 3 (a 9 -3) = ^ 2 (7s-3) = w(7 s _ 2 ) = ^ 2 (/3 9 -3) = w(/3 s _ 2 ) = /? g -i (m is odd), 

(a g _ 3 = w(7 9 _3) = u 2 (j g - 2 ) = w 3 (a' g _ 1 ), /3 g _ 3 = w(/? g _ 2 ) = w 2 (/3 g _i) (to is even)). 

4.1.4 The genus is 5 

We assume that # = 5. 
We define 

= {T aB Tp B T- /i )(T- /3 T l33 T- /2 Tp2T- /1 Tp 1 T ,! L )~ 2 . 

By c/iam reteon, (T aB r / j B r 7 J 4 =(T 7S T ft T 7a T / , 2 T 7i r / , i r ai ) 8 =T a4 T a / Therefore, 
we can find that </> 4 = 1. 

acts on the curves on £ g as follow : 

3 K) = 2 ( 7 i) = 0(72) = a 3) 2 (/3i) - 0(/3 2 ) = 03, 
a 2 = (f>(x 1 ), 0(74) = /? 5 - 



Wc define 



We can find that V 4 = 1- 

V> acts on the curves on S g as follow : 



ip d (a[) = ip (71) = ip(a 3 ) = 72, ip(a 2 ) = x 2 . 
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s 2 



,o o o 



Figure 20: the curves Si and S2- 



Let Si, S2 the non separating simple closed curves as shown in Figure [2"01 
We define 

u) = {T ai Tj 3l T Sl )(T 1 J 1 l 3j 1 1 . 3 T l3;i T^T{ h T a2 )~ 2 . 

By the chain relation, (T ai Tp 1 T Sl ) i ^(T l4 T f3i T l3 Tp 3 T 72 T f32 T a2 ) 8 ^T a!i T S2 . There- 
fore, we can find that lj = 1. 

w acts on the curves on T, g as follow : 

uj 3 (a 2 ) = ^(72) = ^(73) = 74, w 2 (/3 2 ) = w(/3 3 ) = /3 4 . 

4.2 Generating the Dehn twist by 4 elements of order 4 

By using the lantern relation we generate the Dehn twist by 4 elements of order 
4. 

Since ui maps «2 to 72, we see that 

T a2 - ujTj^uj 

and 

Let ui denote T^ 2 w T~ . Then we see that T a2 T~ 2 = ujuj. 

In the case of g / 5, we rewrite the lantern relation as follow : 

T ai = T a>i = (T^T-^T^T-^iT^T- 1 ). (3) 

From the argument of Section 4.1.1, 4.1.2 and 4.1.3 we can find that 4>~ 1 {a2) = 
xi, _1 (72) = 71, tp~ ( a 2) — X2 and - _1 (72) = «3- By Lemma[T]show we see 
that : 

(T^T" 1 ) = cfr-'iT^T- 1 )^ 
(T X2 T~ l ) = ^(T^T" V 

We can rewrite ([3]) as 

T ai = (utli)((j)~ 1 uQ(f))(^~ 1 ujtu'il)). 
In the case of g = 5, we rewrite the lantern relation as follow : 

T Q3 = (T^T-^iT^T- 1 )^- 1 ). (4) 
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From the argument of Section 4.1.3 we can find that <f> {012) — %\, 4> 1 {l2) = 
71, tp( a 2) = %2 and ^(72) = ct[ = ol\. By Lemma[T]we see that : 

{T xl T- l ) = 4>-\T a ,T- 1 )^ 
(T Xa T- 1 )=i/,(T aa T- 1 )1>- 1 . 

We can rewrite (j4]) 

Hence Dehn tiwst is a product of 4 elements of order 4. 

4.3 Proof that 4 elements of order 4 generate 

We prove Theorem. 

Theorem 7. // g is at least 3, M. g can be generated by <f>, if), lu and uj. 

Proof. Let G2 denote the group generated by 0, ip, uj and Q. 

Let a and (3 be simple closed curves on S 9 . The symbol a « — > /3 (resp. 

a « — > /?, a <-^-» /3) means that either <j)(a) — (3 or _1 (a) = /3 (resp. either 
^>(a) = (3 or -0~ 1 (a) = /3, either w(a) = /3 or u (a) = (3). 

If g ^ 5, we can find that T Ql is in G2. In the case of g = 3m and = 3m + 1, 
4> and w can map a\ to all /Jj and 7, as shown in Figure [2T] If g = 3m + 2, we 

a 2 

d> ' u uj d> ui A 

ai Q4 0^2 

Pi < , ' (3-2 < , ' Pi * * P4 * * (3r "' < , ' pVd* * * PV^ L ^ PV^ ( ' Pfl 

J a; w d w w 



w _ uj <p uj (p UJ 

7i * * 72 < * 73 7i ••• < * 7j-7 > Ts-5 < * '9-4 ^9-3* *Ts-2 * > Ts-i 

a[ a[ Oig-f, Ct'g-3 

4 

p\ < . 5 P2 < , * Ai * * P4 * * Pfi < J A/-5* * Pff-4^ * pVs* 7 J (3g*£~~* Po-1 * * Po 

' OJ UJ UJ <p UJ 



Figure 21: 

need ^ other than </>, lj like Figure [22] Therefore, for all i, Tp i T 7i , are in G2- 
Because w(a2) = 72, we can find that T a2 G G2. Therefore, all Humphries's 
generators are in G2. 
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i 



a 2 

i 

s— > 7 2 <— > % 



*l 



d> lj <b lj ib 

Ig-S ig-f * Ig-fr * Ig-% Ig-f 9 ig-3* 9 lg-2* * Ig-1 



Og-7 



Q,,-4 



6 q> u u 



V* ^V* ^v* ^ 



Figure 22: 

If 5 = 5, T a3 is in G^- The Figure |2"31 shows that we can send «3 to all 
Humphrics's generators by <fi, ip and to. 



<t> UJ 

7i <^-> 7 2 <— > 7 3 <— > 7 



Qi 



A <-r> ft <-r> jft, <— > ft ft 

<p Id ° 



Figure 23: 

We prove that G2 is equal to A4 g for g > 3. 



□ 



5 Remarks 
5.1 Low genus 

In the case of g = 1, 2, we note that M. g can not be generated by elements 
of same order. By using the argument of MacCarthy and Papadopulos [MP] 
and the work of Hirose [Hi] , we can see the proof. Hirose listed the Dehn twist 
presentation of finite order elements for closed oriented surfaces of genera up to 
4. We introduce the presentation of finite order elements in the case of g = 1, 2. 
The list is as follow : 



genus 


elements 


order 


1 


Tf3 t T ai 


6 




-^cki -^/3i -^ai 


4 


2 




10 




rri rri rri rri rri 

1 02 1 02 1 H 1 0i 1 ai 


8 




rri rri rri rri rri 
■L Q2 02 71 J 01 -L Ol 


6 




(T ai T / 3 1 T 7l T Q2 ) (T Q2 Tp 2 T 7l T 0l ) 3 


6 
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MacCarthy and Papadopulos proved that M2 can not be generated by ele- 
ments of order 2. The argument of MacCarthy and Papadopulos is as follow: 

Proof. Let c be a nonseparating simple closed curve and p be the abelianization 
map given by Powell's result [Po] : 



p ■■ M2 


— > Z10 




w 


T 

± c 


1 — > 1 



We can find that 

p((Tp 2 T 7l T fil T ai f) = p{{T ti2 T fj2 T. n T fil T ai f) 

= P({( T ai Tp 1 T 7l T fj2 T ct2 ) (T a2 Tp 2 T 7l T Pl T ai ) 3 } 3 ) 

= 

viiTaiTfoT^T^T^f) = 5. 

It is easily to see that Zi can not be generated by and 5. Therefore we can 
see that M2 can not be generated by elements of order 2. □ 

By the similar proof, we can see that Mi and M2 can not be generated by 
elements of same order. 

Remark 8. M.\ and M.2 can be generated by elements of different order. For 
example, M.\ can be generated by T^T ai and T ai T^T ai , and M.2 can be gen- 
erated by T^ 2 T lx T^T ax and T a2 Tp 2 T ll Tp l T ai . 

5.2 Lower bound 

The order of M g is not finite. Therefore, we can easily find that lower bound 
of the number of generators whose order are 3 (resp. 4) is 2. The author has 
the following question : 

Question. What is the minimal number of elements of order 3 (resp. 4) re- 
quired to generate M g ? 
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